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Abstract. In this paper, we show that the Morrey spaces .éj,”l (") cannot be contained in the

weak Morrey spaces w. .sﬁﬂ (") for g # g2. We also show that the vanishing Momey spaces
7. B(IR") are not empty and properly contained in the Morrey spaces ..{ﬂf{ R")

1. Insnduction

4

Let 1 < p<g <o and n=2. The Morrey space .#f(R") is the set of all
functions f & Lir:] (") for which

Ly
WAl gy = sup [BOGR)| =71l by <
g

xcR? =0

where

1
JJ
Il = ( [, 1rora)"

o F )

Here B(x,r) is the open ball in Euclidean space R" with center x and radius r,d

P?

|B(x,r)| denotes its Lebesgue measure. Meanwhile, the weak Morrey space w.#} (R")
is defined to be the set of all functions f < wi; (R") for which

xeR*, 70

1_1
£, &) = _Sup |B(x, k)| % P fllwerB.rn) < oo
where

1
1 lwer (Besy) = SU{F]”H.VE Blx,r) : |[f(y)| >1}[7,
1=
and [{y € B(x,r) : | f(y)| = t}| also denotes the Lebesgue measure of the set {y € B(x,r) :
| f(¥)| = t}. Now, we define

t‘d/’ﬁ{f; ER"] —

{f = '-/é?;JER”] . }EEI] /ﬂi{(!‘] = ()} .
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where

M7 (r) = sup |B(x,7)
xc[Rn

L1
P Fll e By -

The set ¥ .# ij[l[{"] is called the vanishing Morrey space. 1t is clear that 7.4 ﬁ (B™) 1is
a subset W}”[R"] :

The Morrey spaces were introduced by C. B. Morrey [1] and the vanishing Morrey
spaces were mtroduced in [2]. Recently, many authors are attracted 1n studying the in-
clusion properties between Morrey spaces [3, 4, 5, 6, 7, 8]. One interesting result stated
in [5, Remark 4.5], that 1s, the weak Morrey spaces h»'..fﬁ:’fﬁ (E") cannot be contained
in the weak Morrey spaces ne'..zﬁ!?';lil[ﬁ"] and vice versa, for distinct values g; and g>.
This statement was deduced by a charactenization of inclusion between weak Morrey
spaces and its parameters, which is proved by using Closed Graph Theorem and Mor-
rey norm estimate for the characteristic functions of balls [5, Theorem 4.4]. Regarding
to the inclusion between vamling Morrey spaces and Morrey spaces over a bounded
domain, it was stated in [9] that the vanishing Morrey spaces are properly contained in
the l\arrey spaces without giving an explicit counter example.

In this paper, we will prove that the Morrey spaces ﬁ’(ﬁ (") cannot be contained
in the weak Morrey spaces u»'../ﬁ,ffi[]lﬁ"j and the Morrey spaces ../ﬁﬂi[]{ﬁ") cannot be
tﬂined in the weak Morrey spaces n»‘..é!’(ﬁ ("), for different values g, and g>. This
result is more general and sharp than the previous result in [5] since we can recover
that previous result and the fact that ..é:ﬁ}”(l[{"] is a proper subset of h«'.ﬁi}”(]fﬁ"] [6,
Theorem 1.2]. We also note that our method here is different than in [5] because we
give a function which belongs to ﬁ?’(ﬁ [l[ﬁ"]\w.%:f; (2"} and a function which belongs to
/ﬁf’: (R" ]\w./&?’(ﬁ (") . Furthermore, by using the idea in [#], we also show that the van-
ishing Morrey spaces 7.4 i;(l[ﬁ”] are non empty and properly contained in ../éﬂf(]lﬁ"]
by providing some examples.

The positive constant C that appears in the proofs of all theorems may vary from
line to line and the notation C = C(n. p.q) indicates that C depends only on n, p and

q.

2. A note on the inclusion between weak Morrey spaces

Let l<p<g<ooand y= % < n. Define a function f:R" — [ by the formula

Y 0,
B b1, 0 "
. y=0.

It is clear that 1 — ;—;, < 0 and n— py > 0 by observing to the given assumptions.
The function f, that appears in Lemma | and 3, is defined by (1).

LEMMA 1. If x € R" and r > 0, then |f||1r ry < Cre~ " =Crv ™4, where
C=C(n,p.q).
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Pm{w ote that

[ . IfII.VIII’Jd.‘F=/ I}'I_m'd,v—f Iy|~PYdy
JB(x.r) {l¥l<le—yl<r} {lx—y| <|¥ 1| x—p|<r}

=I+1I

Since n — py > 0, we have
I< [ ly|P¥dy =C [ Pl = o
Hlv=rt ™ ' Jo

and

.
< [ e —y|[Pldy=C / PVl g = O,
Hlx—y|=r} ’ ’ Jo

by using polar coordinate for radial function. Therefore

17

1
P BN n_n
| llr(Biery) = (/B{ }|f{}’]|‘”d,‘ﬁ) < C(CrP }')’ —Crra,
xr

which proves the lemma. [

The following lemma is not hard to prove. We leave its proof to the reader.

LEMMA 2. Let s >0, M =0, and @ : (0,00) — [0,00). If

sup (1) =M = sup ¢(1),
O<rgs Sl < em
then
sup(t) =M.
=0

Using the above lemma, we can compute the weak Lebesgue norm of f on the
ball B(0,r) with arbitrary radius r.

_}I.+JF

LEMMA 3. If r >0, then ||f|,o(sio, =Cr " » =Cr 475, where C=C(n,p.q).

Proof. Let r be an arbitrary positive real number. Note that, Er every t >0, we
have
_1
Hy € B(O,r) : [f(y)] >t} = Z{,vE B(0,r): |y <t V}Z

1

:B{D,r]ﬂﬂ{ﬂ,f?] (2)
We now define @ : (0,00) — [0,0) by the formula

o(1) = t|{y € B0,r) : | £(¥)| > 1}|7 . (3)
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1
Forevery t = r~ ', we obtain ¢ 7 < r. Then

I n
{y € B(0,7): |F()| > 1} = B0 7)| =77,
by using (2). This gives us
|
t1{y € B(0,7): |[f(y)]| > 1}|F =Ct (r v)‘ —aW, Ve (r ). (4)
On the other hand, for every t < r~ 7, we have t ¥ = r. Hence
Hy € B(O,r): [f(y)| =t} =|B(0,r)| =CF",
which comes from (2). Therefore,
(1{y € B(O,7) 1 |[£(y)] > 1} = Ct(?")p = Cerp, Wre (0.r77]. (5)

We obtain

i, Yre (rY,e)
"-F(” = 1 2 -~
Ct(r")p =Ctrr, Yre(0r 7).

by virtue of (4) and (5). Observing ¢ non increasing on (r~7,e0) and non decreasing
1 cinee 1 JL and espectively

on (0,777, since 1 < 0 and R 0 respectively, then

sup (1) =Cr "'r = sup @1). (6)

Ta e E Oepsp ¥
Thus .
| fllwereio.n = SU{F]HF(F] =Cr’ti =Cr
I =

that 1s concluded from Lemma 2. [
1

By taking Lemma 2 and Lemma 3 as the tools, we are ready to state and prove the
first main result of this paper.

THEOREM 1. Let 1 <p < gy <eoand 1 < p < gy <oo. If g # g, then #y, (R") ¢
w.ilgy(R") and #L(R") & w.at] (R").

Proof. We will only prove that .#, (R") is not contained by w.#,(R"). The
proof that /ﬁ’(}”: (I2") 1s not contained by w. /&V(ﬁ (IR") can be done by similar method.
Let y; =n/g; and f| : R" — R, defined by the formula

™", ¥ #0,
Y] =
fily) { 0. y=0.

We will show that f € .4, (R")\w.#),(R"). Let x € R" and r > 0 be arbitrarily
given. According to Lf:lTIlTIEI 1 ., by replacing y with ¥, we obtain

L1} n o n_ R

|B(I !':I|‘“ J”.fl||J[.-’:'£;E':'il.u,| Criv PpP 4l =C < oo,
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This gives us

R —
Ifill gy = sup [Bx,r)|% 7 |fi

xeR? r=i)

LP(Blxr)) = °°
since x and r are arbitrary. Whence f) € .#], (R"). By virtue to Lemma 3, we have

no_nm o om_n 1 1
||fl|||,., /.r“l f| I:ﬂ ’.Hah JJ”fl”HL-”(B({]iJI,I_Crgh PpP oA _CF' (ah afl)

Hence |/fil,, al = This is due to arbitrary r and g; # g>. We conclude that
fi g wtf (R") . Thus, we have alre ady proved that .#j (R") € w.#),(R"). [
As an immediate consequence of Theorem 1, we recover the result from [5] which

15 stated in the following corollary.

COROLLARY 1. Let 1 < p<q) <o and 1 < p < g2 < e. If q1 % q2, then
woity, (R") € wat ], (R") andu./ﬁj}'l[ll%"]@ ./ﬁi}”l[lﬁ”]

3. A note on the inclusion between Morrey spaces and vanishing Morrey spaces

Let 1 < p<g<e and 6 =exp(-— jq ). Define a function g : B" — R by the
formula

1
xely) o
— . v =0,
gly) = (|_1‘| 4 i_|n|_1‘|j1) - ¥70, (7)
0, y=0,

where yg is a characteristic function defined on B = B(0,0).
The function g in the following lemma 1s defined by (7). This following lemma
shows that the vanishing Morrey spaces In a non empty set.

LEMMA 4. g€ V.4 (R").

Proof. Let x € R" and r > 0 be arbitrarily given. Note that

%
11 xe(y) J
B gllsny <€ [ ey
P\ < g ey ] (ny)?

XB('] _ P
e ( /ﬁ.’l-‘f—.ﬁflrl} — aw)
S =y "= |y| 7 (1ny|)?

—=[+1I. (8)

Now we have two casathat li O <rorr<o9. Assume 0 < r, then we have

XY 1 1
IS | e itdy= | s dy=C , 9
{/u [ (nfy)Z /m«:.s BECIEDE (1m;a;|) ®)
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and

1 1
= . 7y < | dy
S R G Jiey<s a2
—1
=C . 10
(Mm) o
since l,a’r"*”-;‘*'lilnlﬁr]jl2 decreasing on B§@rval (0,0). Assume r < 6. We have

If:/ : .«.—f—c:(_l)c:c( _1) (11)

= e P02 =" Nin(n ) =~ \In(s) )

and

| 1
H:/. Tl < T dvi/ dy
{be—yl<lyl<r %[1“ y])2 ’ Ly <r |x— y|(In]x —y|)2"

I n—2E
T le—y|<r} |_1f—}'| ! |1|f|
—1 —1
= < 2
"r:(lnlﬂl'])H‘“C(lnli-:ﬁ])'~ (12)

since l,f't”*”-';‘*’[lnIir]jl2 decreasing on interval (0,r) C (0,0). By virtue of (8), (9), (10),
(11), and (12), we conclude that

1.1 —1 \r
|Bx,r)[9 7|8l riBix.r) éf—ﬂéf(m) :

where C' = C(n, p,q). This means g € ..@‘v’!}}”(lﬁﬁ"]. We remaind to prove
lim.#(r) = 0. (13)

r—l)

For every 0 < r < &, we have shown that

EY

This means (13) holds and the proof is done. Ll

Now we define a function that will play as an element of Morrey spaces but not in
the vanishing Morrey spaces. Let 1 < p < g < e=. Forevery k € [N, with k = 3, we set
xe=(27%....0) € B" and

L] 8 yeB.sh,
ug(y) = _ &
l':}:- }'éBl:_‘fk,g :I

Define a function u : B" — R by the formula

Mﬂ=(iwm)- (1)
k=3

We first claim that u belongs to the Morrey spaces .4/ (R").
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LEMMA 5. u € .4} (R").

Proof. Let x € R" and r > 0 be arbitrarily given. There are two casses: (i) x ¢
B(x,2(4 %)) forevery k = 3, or, (ii) x € B(x;,2(477)) for some j > 3. Assume (i)
holds. Then

247 ) < r—xel < Ix—yl+ |y — x| <r+475

for every v € B(x,r) %[,q-,g_ ). This means r 7o < 4\ 7% and

LT — I 5o r
r "/ lu(v)|Pdy < 24“’ 7) / 84" dy
JB(xr) ) Blar)nBix, 8%
ap .{
<C z Al ) {15]

where C depends on n. Assume [ii).d‘i Since {B(xg, “(4—"]]}'{_;3 15 a disjoint col-
lection, then there is only one j = 3 such that x € B(x;.2(4/)) and x ¢ B(x;.2(47%)
forevery k = 3 with k= j. Note that

np _ np _
rd "/ u).( vidy=r4 .
JB(xo)NBx;8F)

where C depends on n. p, and g. By virtue of (16) and the computation of (15), we

have
e ( qd}’

E.l_!
/ 84'dy < C < oo, (16)
JB(xr)NB(x; &)

np_ LT ——
A uray =Y, |
Bix.r) i3/ Blx.r)NB(x;.8¥)

np
F —n
=rd [ | uj(y)dy
JB{xr)NB(x;, 87T
w =
S )iy
k=3" B':_.'.'. i'_:l '—|B|:_.'.'IQ.B_'Q_;I
k#j
2 k
<C+ CZ'?‘ —n) (17)
f:?‘f

ﬁcrc C depends on n,p, and g. Combining (16) and (17), whence

1
1_1 mp_, , [z
|B(x,r)|7 7 ||ullpppiery =C | 19 N u(y)|Pdy ) =C < oo
JB(x,r)

where C depends on n,p, and g. Therefore u € .4 (R"). [

The following theorem states that the vamshing Morrey spaces 1s a non empty
proper subset of the Morrey spaces. This theorem is the second main result in this
paper.
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THEOREM 2. Let 1< p < g < eo. Then V.#[)(R") is a non empty proper subset
of MY (R").

Proof. According to Lemmad4, 7. # ﬁj (IR") is non empty, and according to Lemma
5, the function u belongs to .# (R"). Therefore, we need only to show that u does
not belong to ¥.#f(R"). Let 0 <r < 1. By the Archimedan property, there is an

integer k = 3 such that 8% < r. Then

(M(r))" = Cre ‘"/ |u(y)|Pdy = C ui(y)dy
Bixp.r) By 8K
—C 84 dy > cs—"’f/ ldy=C > 0.
Bix; 84) Bixg Bk

where C depends on rm'his means .#(r) is bounded away from zero as r tends to
zero. Thus u ¢ 7. #(R"). [
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